Abstract. In this article we study extensions of Z 2 -graded L y algebras on a vector space of two even and one odd dimension. In particular, we determine all extensions of a super Lie algebra as an L y algebra. Our convention on the parities is the opposite of the usual one, because we define our structures on the symmetric coalgebra of the parity reversion of a space.
Introduction
The problem of classifying formal deformations of algebras has a long and interesting history. The formality conjecture, proved by Maxim Kontsevich, is an example of a problem where the existence of an extension of an infinitesimal deformation of an algebra to a formal deformation has important applications in both mathematics and mathematical physics. In addition, the classification of all such extensions is an important question that is not so easy to solve. A miniversal deformation of an algebra contains the information necessary to construct all possible formal extensions of an infinitesimal deformation. In a series of articles, the authors have been studying examples of miniversal deformations of low dimensional L y algebras, with the aim of developing a constructive approach to the process.
In [3] , codi¤erentials of degree one and two on the symmetric coalgebra of a 2j1-dimensional vector space were studied and miniversal deformations of degree two codi¤erentials were constructed. Since degree two codi¤erentials determine Z 2 -graded Lie algebra structures, the miniversal deformations describe the deformations of these Lie algebra structures into more general L y algebras. In the current article, which is a continuation of the study of L y structures on a 2j1 dimensional space, we focus on another manner in which L y algebras are constructed from Z 2 -graded Lie algebras, by extending the codi¤erential to an L y algebra by adding higher order terms.
The two ideas, extensions of L y algebras, and deformations of L y algebras are closely related. In fact, an extension of a degree n codi¤erential to a L y algebra can be thought of as a special case of a deformation, where the deformation parameters are assigned fixed values. However, our point of view is di¤erent in this paper. We will be interested in classifying all extensions of a fixed codi¤erential of degree 2 to an L y algebra up to equivalence, where equivalent extensions are determined by automorphisms of the symmetric coalgebra of the underlying Z 2 -graded vector space. This is a far more di‰cult problem than simply determining all the L y algebra structures. In fact, for a 2j1-dimensional vector space, it is trivial to give a list of all L y structures; there are precisely two distinct kinds of odd cochains, and an odd coderivation is a codi¤erential precisely when it contains only terms of one or the other kind of odd cochains.
In the physics literature, L y algebras are also referred to as strongly homotopy Lie algebras, or sh-Lie algebras. These algebras first appeared in [17] , and have been studied in mathematics ( [18] , [10] ) as well as in mathematical physics ( [12] , [19] , [1] , [2] , [16] , [13] , [9] ). Mathematicians often consider Z-graded, rather than Z 2 -graded spaces. Since signs are determined only by the induced Z 2 -grading, Z-graded L y algebras are examples of Z 2 -graded L y algebras; however there are some important di¤erences in the classification, not only due to the fact that only some of the Z 2 -graded L y structures are Z-graded L y algebras, but also because the Z-graded automorphisms are a subgroup of the Z 2 -graded automorphisms, so the equivalence classes are potentially quite di¤erent. Examples of Z-graded L y algebra structures were considered in [4] .
In the physics literature, one usually considers Z 2 -graded spaces. That's the case in our consideration also: throughout this paper, all spaces will be Z 2 -graded, and we will work in the parity reversed definition of the L y structure. In [6] , we classified all L y algebras of dimension less than or equal to 2; in [7] , we constructed miniversal deformations for all L y structures on a space of three odd dimensions (which correspond to ordinary Lie algebras); and in [8] , we gave a complete classification of all L y algebras of dimension 1j2.
The picture in the 2j1 dimensional case is more complicated than for 1j2-dimensional algebras, because the space of n-cochains on a 1j2 dimensional space has dimension 6j6 for n > 1, while the space of n-cochains on a 2j1-dimensional space has dimension 3n þ 2 j 3n þ 1, making it more di‰cult to classify the nonequivalent structures. In this case we gave in [3] a complete classification of only those L y algebras whose leading term was of degree 1, or which were given by a single term of degree 2.
In this paper, based on the classification in [3] , we classify L y algebras which are extensions of degree 1 and degree 2 coderivations, in other words, extensions of Z 2 -graded Lie algebras as L y algebras. We introduce here all the necessary results in order to make this article self-contained.
L T algebras.
We work in the framework of the parity reversion W ¼ PV of the usual vector space V on which an L y algebra structure is defined, because in the W framework, an L y structure is simply an odd coderivation d of the symmetric coalgebra SðW Þ, satisfying d 2 ¼ 0. In other words, an L y algebra is an odd codi¤er-ential in the Z 2 -graded Lie algebra of coderivations of SðW Þ. As a consequence, when studying Z 2 -graded Lie algebra structures on V , the parity is reversed, so that an odd degree 2 codi¤erential on a 2j1-dimensional vector space W corresponds to a 1j2-dimensional Z 2 -graded Lie algebra structure on V . Moreover, the Z 2 -graded antisymmetry of the Lie bracket on V becomes the Z 2 -graded symmetry of the associated coderivation d on SðW Þ.
which is naturally identified with CoderðSðW ÞÞ, the space of coderivations of the symmetric coalgebra SðW Þ. Thus L is a Z 2 -graded Lie algebra. An odd element d in L is called a codi¤erential if ½d; d ¼ 0. We also say that d is an L y structure on W . A detailed description of L y algebras can be obtained in [11, 12, 14, 15] .
If g ¼ g 1 þ Á Á Á A HomðSðW Þ; W Þ, and g 1 : W ! W is invertible, then g determines a coalgebra automorphism of SðW Þ in a natural way, which we will denote by the same letter g. Moreover, every coalgebra automorphism is determined in this manner. Two codi¤erentials d and d 0 are said to be equivalent if there is a coalgebra au-
An automorphism is said to be linear when it is determined by a linear map g 1 . Two codi¤erentials are said to be linearly equivalent when there is a linear equivalence between them. Elements of L N are said to have degree N, and an element in L has degree N when it has only terms from L N . If d and d 0 are codi¤erentials of degree N, then they are equivalent precisely when they are linearly equivalent. Thus we can restrict ourself to linear automorphisms when determining the equivalence classes of codi¤erentials in L N . If d ¼ d N þ Á Á Á is a codi¤erential with d N being the term of least degree, then d N is itself a codi¤erential. In this case, we say that the order of d is N. Thus the first step in classifying all L y structures is to classify all codi¤erentials of degree N up to equivalence, which means it is quite advantageous that we need only consider linear equivalences in the first step. In [3] , we classified all codi¤erentials of degree 1 and 2. In this paper, our aim is to classify the extensions of such codi¤erentials of a fixed degree to more general L y algebras.
Equivalent codi¤erentials and extensions.
We will use the following facts, which are established in [5, 3] , to aid in the classification of extensions of codi¤erentials of degree 1 and 2 to more general L y structures.
If d is an L y structure on W , and d N is the first nonvanishing term in d, then d N is itself a codi¤erential, which we call the leading term of d, and we say that d is an extension of d N . Define the cohomology operator D by DðjÞ ¼ ½j; d N , for j A L. Then the following formula holds for any extension d of d N as an L y structure, and all n b N:
Note that the terms on the right all have index less than n þ 1. If a coderivation d has been constructed up to terms of degree m, satisfying equation (1) for n ¼ 1 . . . m À 1, then the right hand side of equation (1) for n ¼ m is automatically a cocycle. Thus d can be extended to the next level precisely when this cocycle is a coboundary. There may be many nonequivalent extensions, because the term d nþ1 which we add to extend the coderivation is only determined up to a cocycle. An extension d of d N is given by any coderivation whose leading term is d N , which satisfies equation (1) for every m ¼ N þ 1 . . . . The theory here is parallel to the theory of formal deformations of an algebra structure; the extension of a codi¤erential d N to a more complicated codi¤erential d resembles the process of extending an infinitesimal deformation to a formal one.
Classifying the extensions of d N can be quite complicated. However, the following theorem often makes it easy to classify the extensions. Before classifying the extensions of a codi¤erential d N , we need to recall the classification of codi¤erentials in L N up to equivalence, which was given in [3] . A linear automorphism of SðW Þ is an automorphism determined by an isomorphism g 1 : W ! W . If g is an arbitrary automorphism, determined by maps g i : S i ðW Þ ! W , then g 1 is an isomorphism, so this term alone induces an automorphism of SðW Þ which we call the linear part of g.
The following theorem simplifies the classification of equivalence classes of codi¤erentials in L N .
Theorem 2.2. If d and d
0 are two codi¤erentials in L N , and g is an equivalence between them, then the linear part of g is also an equivalence between them.
Thus the equivalence classes of elements in L N are completely determined by the action of the linear automorphisms on the coderivations.
We will also use the following result. As a consequence of these theorems, a method of classification of L y structures can be given as follows. First, find all equivalence classes of codi¤erentials of degree N. For each equivalence class, choose some representative d N and determine the equivalence classes of extensions of the codi¤erential d N . The first part of this task was completed in [3] . Here we address the second part.
From now on, in this paper we will only address the 2j1-dimensional case. Let 3 . For simplicity, we will sometimes abbreviate w I by I . We will refer to the components of I as the left, middle and right indices. Then for n b 1, ðS n ðW ÞÞ e ¼ hð0; p; n À pÞ j 0 a p a ni; jðS n ðW ÞÞ e j ¼ n þ 1 ðS n ðW ÞÞ o ¼ hð1; q; n À q À 1Þ j 0 a q a n À 1i; jðS n ðW ÞÞ 0 j ¼ n:
If l is a linear automorphism of SðW Þ, then in terms of the standard basis of W , its restriction to W has matrix
where qðru À stÞ 0 0. We will sometimes express l by the submatrix À r t s u Á . It is useful to note that for a linear automorphism
so that lðz; x; yÞ
The cohomology of this codi¤erential is also equal to zero. Thus every extension of a codi¤erential of the second kind is equivalent to the original codi¤erential. This completes the classification of all codi¤erentials whose leading term has degree 1. They are all equivalent to the codi¤erential given by the leading term alone. Thus there are no interesting extensions of degree 1 codi¤erentials.
Codi¤erentials of degree 2
We now consider how to extend a codi¤erential d 2 of degree 2 to a more general codi¤erential. For a codi¤erential d, let AutðdÞ be the subgroup of automorphisms of SðW Þ fixing d, and LAutðdÞ be the subgroup of AutðdÞ consisting of linear auto- Any automorphism g can be expressed in the form
where l is linear and a k A L k is a coderivation. We call l the linear part of g. An automorphism of the form g ¼ Q y k¼2 expða k Þ, will be called a formal automorphism 
The following theorem will help to classify such extensions.
(1) d is equivalent to a codi¤erential whose first nonzero term after d 2 is of higher order than k i¤ d k is a D-coboundary. Proof. Let us say that a codi¤erential d is standard if it is of the form
By the first part of this theorem, every nontrivial extension of d 2 is equivalent to a standard codi¤erential, and the cohomology class of the secondary term is independent of the choice of standard codi¤erential. In general, we don't expect
However, for the examples which arise in this paper, it turns out to be true. We state a theorem which is useful in characterizing the extensions of a codi¤erential of the form 
0 is equivalent to an extension whose third term has degree larger than l.
0 is equivalent to an extension whose third term has degree larger than l. A useful generalization of this theorem is as follows. 
Proof. Let
l is a D 2 -cocycle, so it extends to some D e -cocycle a. Since the cohomology of D e vanishes for n > k, a ¼ D e ðgÞ for some cochain g. Applying expðÀad g Þ to d
0 will eliminate the term of degree l in d 0 . r For each of the equivalence classes of degree 2 codi¤erentials, we will study the nontrivial extensions. Such extensions exist only when the odd part of H n ðd 2 Þ does not vanish for some n > 2. This is true because, in our case, every odd codi¤erential is a sum of cochains of the same kind, and every odd cochain which is a sum of cochains of the same kind is a codi¤erential, because the bracket of cochains of the same kind always vanishes. Thus the the hypotheses of Theorem (5.3) above are met for trivial reasons, so every D 2 -cocycle is automatically a D e -cocycle. Ordinarily, when considering extensions, we have to construct them term by term, because a finite number of terms may not determine a codi¤erential. However, in our examples, because the cochains all have trivial brackets with respect to each other, there is never any question about whether adding a d 2 -cocycle gives a codi¤erential.
Let us state a conjecture which we will use to classify the codi¤erentials. Two codi¤erentials are said to be formally equivalent if there is a formal automorphism expressing an equivalence between them. Another useful observation is the following. A diagonal linear automorphism acts on cochains by mapping them to multiples of themselves. Since a multiple of a nontrivial cocycle cannot be cohomologous to the cocycle unless it is equal to the cocycle, if l is the linear part of a generalized automorphism of
We will start with studying codi¤erentials of degree 2 of the second kind.
Codi¤erentials of degree 2 of the second kind and their extensions
There are only two types of codi¤erentials up to equivalence: c , it was shown (see [3] ) that the odd cohomology H . Then we obtain the following table of coboundaries. 
It is not hard to see that the cohomology is given by Let us now study extensions of d. Suppose that l is a linear automorphism of d. It is easy to check that the condition l Ã ðdÞ ¼ d is equivalent to t ¼ 0 and r 2 ¼ 1 in the standard expression (equation (2)) for l. ; 2j
if n b k
Thus we have no higher order odd cohomology, so every extension of d e is equivalent to it, by Theorem (5.3). In this case, we did not need to study the action of the automorphism group on d e in order to classify the extensions. But in some later examples we will need to study this action very carefully.
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Codi¤erentials of degree 2 of the first kind and their extensions
Let us label the codi¤erentials representing the equivalence classes of degree 2 codi¤erentials of the first kind as follows: (see [3] for a proof that these give a complete set of representatives of the equivalence classes.)
The cohomology of d a vanishes if n > 2, so there are no nontrivial extensions. The cohomology of d c depends on the value of c, so there are several cases to consider. This special case is of particular interest to us, so we will consider it separately.
The codi¤erential
For generic values of c, the higher cohomology vanishes, so we don't have any nontrivial extensions. Let us consider the special cases for which the higher cohomology does not vanish. kðs À rÞa, j no longer generates H ksþ1 . However, j extends to a cocycle j 0 , which is given by a power series with leading term j. Recall that for a codi¤erential which is not of fixed degree, the spaces H n do not make sense in the usual manner; rather H inherits a filtration from the natural filtration on L, and H n is a quotient space of the n-th filtered part by the n þ For the moment, we make no assumptions about which of k and l is the larger. It is usually true that if a and b are nonzero, they can be taken to be 1. There is one exception to this statement, and that is the case when k þ 1 ¼ 2l. We will discuss this special case in more detail later. For the moment, it will be more convenient for us to leave the coe‰cients a and b undetermined.
7.
In order to determine the leading terms of coboundaries for the coboundary operator D k; l given by d k; l consider the extended coboundary formulae: 
When n ¼ 2m, applying the reduction formulas to the coboundary of j 0 n yields a coboundary of the form j we note that after applying the recursion formulas, both terms reduce to multiples of c 1; 0; mðkþ1Þ 3 . Adding the coe‰cient arising in reducing the first term to the one arising in reducing the second term gives an overall nonzero coe‰cient
for the leading cochain c for those l which are not multiples of k þ 1. As a consequence, in an extension of d e of the form d k; l þ ho, with k < l, if l is a multiple of k þ 1, we can add a D e -coboundary to eliminate this term. Thus, in classifying extensions of d e , we only need to consider those for which l is not a multiple of k þ 1. In particular, we do not need to consider the case when l ¼ k þ 1. In section 7.2.3 we will consider extensions of d e of the form
The reduction formulas of the previous section will enable us to determine the leading terms of D k; l -coboundaries. We will also have occasion to consider extensions of d k; l of the form is given by equation (11). Since we must have l Ã d @ d, it follows that u lÀ1 q ¼ 1, and this is the only condition necessary. Of course, when l Ã ðdÞ 0 d, we must follow l Ã with some formal automorphism g Ã such that g Ã ðlðdÞÞ ¼ d þ ho, in order to obtain a generalized automorphism lg of d e . In fact, if we choose
Because D e ðj n Þ ¼ Àc term, we use j kÀlþ1 . We have to remember that in addition to the coe‰cient Àa When k þ 1 < 2l, it follows that k < 2k À l < k þ l À 1, and the only occurrence of c 1; 0; 2kÀl 2 in the calculation of the addition of coboundaries and higher order terms coming from the exponential is from the term above. Thus, by an appropriate choice of s, we can arrange that a standard form of an equivalent codi¤erential will have a zero value for the coe‰cient.
When k þ 1 > 2l, it follows that k þ l À 1 < 2k À l, and in addition to the contribution to the c . Otherwise, the same idea works, and we can again assume that the l is diagonal and that our standard form of the codi¤erential has a zero coe‰cient for the k þ l À 1 spot. We will discuss this case in more detail in the subsection devoted to the special case k þ 1 ¼ 2l.
Now let us make a few remarks about d e and its cohomology. Equation (20) reduces to Since the D e -coboundary of j 0 n can be reduced to an element of this same form, it follows that j 0 n can be extended to a D e -cocycle. The exception is that in the case n ¼ 1, the term we add to j 0 1 is of the same degree, so, instead of extending to a cocycle, we see that 
b: ð27Þ
The main di¤erence in the nature of the recursion formulas for d k; l; m is that the second formula has to be applied to an infinite sum y p; v of cochains defined as follows: 
pb:
In order to obtain a recursion formula from the formula above, we need to reduce the number of occurrences of the p þ 1 index to 1. Accordingly, we define
The modified recursion formulas are as follows. 
:
When k < l, this codi¤erential arises as an extension of the codi¤erential considered in (7.2.1), so we can assume that l is not a multiple of k þ 1. When l < k, this codi¤erential arises as an extension of the codi¤erential considered in (7.2.2), so we will only consider extensions of d k; l in which the coe‰cient of c 
There are only at most j2l À ðk þ 1Þj solutions for l, and l applied to a cochain of fixed degree simply multiplies it by a power of u.
The group U k; l of j2l À ðk þ 1Þj roots of unity acts in an obvious way on the set of extensions of d k; l . Thus, in studying extensions of d k; l , we can determine equivalence by studying coboundaries. Our main goal in the following will be to add terms to d k; l until all of the even cocycles have been killed o¤. Once we have arrived at an extension d fin of d k; l for which no even cohomology classes remain, the set of equivalence classes of d fin is given by the set of extensions of d fin such that no term of degree larger than the maximal degree in d fin is a coboundary with respect to d fin , modulo the action of the group U k; l .
The formula for the coboundary of j n allows us to convert cocycles of the form c 
Studying the reduction formulas, observe that whenever a middle upper index reduces by 2 in a reduction formula, the right upper index increases by either k þ 1 or 2l. Whenever the middle upper index reduces by 1 in a reduction formula, the right upper index increases by l, with the exception that for c
, the right upper index in the first term only increases by 1, but in this case, we also convert the lower index from a 2 to a 3, so if you convert the term with a lower index 3 back into a term with lower index 2, the net e¤ect is that the right upper index increased by k þ 1 À l. At the last step, we also can convert terms with lower index 2 to terms with lower index 3, and then the upper right hand coe‰cient increases by l À k.
Looking at the first term in D k; l ðj 0 n Þ, and noting that its upper right index is k, we see that in reductions to terms of middle upper index 0 and lower index 3, at the last step, the k is replaced by an l. Putting all these facts together we obtain that the reduced form of D k; l contains only terms of the type c 1; 0; iðkþ1Þþjl 3 , where 2i þ j ¼ n, and Extensions of 2j1 dimensional algebras every such term arises in the reduction process, possibly with a net zero coe‰cient.
, then if n ¼ 2m, the smallest upper right index is mðk þ 1Þ, while if n ¼ 2m þ 1, then the smallest such index is mðk þ 1Þ þ l. If k þ 1 > 2l, then the smallest upper right index is always just nl. Notice that when k þ 1 ¼ 2l, all coe‰cients have the same index. Thus the three cases are best treated separately. Note that in all three cases, the smallest upper right index appearing in the expression is di¤erent for di¤erent values of n, so j 0 ðnÞ and j 0 ðn 0 Þ do not reduce to terms with the same order, if the coe‰cient of the smallest degree term is nonzero.
Case 1: k þ 1 < 2l. The analysis depends somewhat on whether n is even or odd, so we treat these cases separately. If n is even, say n ¼ 2m, then the coe‰cient of the c 1; 0; mðkþ1Þ 3 term is the the same coe‰cient given in equation (22). In particular, it is nonzero. When n is odd, the situation is more complicated.
If n ¼ 2m þ 1, the coe‰cient of the c 1; 0; mðkþ1Þþl 3 term is
; which vanishes only when 2l ¼ nðk þ 1Þ. Thus if k þ 1 < 2l, we can only have a zero coe‰cient for at most one value of n, and for most values of k and l this doesn't occur. Since there are some di¤erences in these cases, we treat them separately.
Subcase 1: n ¼ 2m þ 1 and 2l ¼ nðk þ 1Þ. Note that this case only occurs when k < l, since k þ 1 < 2l. Note that if x b 0, then
If 2i þ j ¼ n and j > 1, then j ¼ 2x þ 1 for some x > 0. But then the term of type c 
which does not vanish. Moreover, our condition on x guarantees that the index mðk þ 1Þ þ x is not of the form vðk þ 1Þ þ l. Since the upper right index in the leading term in the reduced form of D k; l; m ðj 0 n 0 Þ is of the form vðk þ 1Þ þ l when n 0 0 n, we know that mðk þ 1Þ þ x is not the upper right index of a D k; l -coboundary. Of course, there are terms in the reduced form of D k; l; m ðj 0 n Þ which are of the form iðk þ 1Þ þ jl, where 2i þ j ¼ n, which may have smaller degree than mðk þ 1Þ þ x. However, as before, they occur as leading terms of D k; l; m -coboundaries of j 0 s of higher degree, which have reduced forms with indices with k þ 1 and l terms (which can be expressed in terms of even higher degree j 0 s), and terms with indices involving k þ 1 and l and x of degree higher than mðk þ 1Þ þ x. Thus, we are able to conclude that c 1; 0; mðkþ1Þþx 3 is the leading term of the reduced form of the coboundary of j 0 n . Thus we have finally killed o¤ all the even cohomology. Any two extensions of d k; l; x of the form When l < k þ 1 < 2l, then the terms we should be adding should be converted to the opposite kind. Thus the leading terms of coboundaries are c
In this paper we have classified all extensions of codi¤erentials of degree less than or equal to 2 on a 2j1-dimensional space. Essentially, what we have been looking at is the cohomology of Z 2 -graded Lie algebras, because a degree 2 codi¤erential determines precisely this structure on the space.
Our purpose was not to give an exhaustive classification of low dimensional L y algebras, but to explore the ideas that arise from the study of the classification and extension problem in simple cases, to see what kind of interesting phenomena can be observed.
As the reader can tell, even for simple examples of L y algebras the classification problem for extensions can be very intricate. The problem of studying extensions seems to be far more complicated than constructing a miniversal deformation. Thus it is not surprising that the problem of classifying nonequivalent extensions of an infinitesimal deformation to a formal deformation should be di‰cult as well, since it should be at least as complicated as the problem of classifying extensions of a L y algebra given by a codi¤erential of fixed degree. The problem of classifying extensions of an infinitesimal deformation to a formal one is important, and may well benefit from a study of examples similar to the ones we have been addressing.
